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We explore the possibility of using the B-type polarization of the Cosmi Mirowave Bakground
to map the large-sale strutures of the Universe taking advantage of the lens eets on the CMB
polarization. The funtional relation between the B omponent with the primordial CMB polariza-
tion and the line-of-sight mass distribution is expliited. Noting that a sizeable fration (at least
40%) of the dark halo population whih is responsible of this eet an also be deteted in galaxy
weak lensing survey, we present statistial quantities that should exhibit a strong sensitivity to this
overlapping. We stress that it would be a sound test of the gravitational instability piture, inde-
pendent on many systemati eets that may hamper lensing detetion in CMB or galaxy survey
alone. Moreover we estimate the intrinsi osmi variane of the amplitude of this eet to be less
than 8% for a 100 deg2 survey with a 10′ CMB beam. Its measurement would then provide us with
an original mean for onstraining the osmologial parameters, more partiularly, as it turns out,
the osmologial onstant Λ.
98.80.Es,98.35.Ce,98.70.V, 98.62.Sb
I. INTRODUCTION
In the new era of preision osmology we are enter-
ing in, the forthoming experiments will provides us
with aurate data on Cosmi Mirowave Bakground
anisotropies [1℄. This should lead to aurate determina-
tions of the osmologial parameters, provided the large-
sale strutures of the Universe indeed formed from grav-
itational instabilities of initial adiabati salar pertur-
bations. It has been soon realized however that even
with the most preise experiments, the osmologial pa-
rameter spae is degenerate when the primary CMB
anisotropies alone are onsidered [2℄. Complementary
data, that may be subjet to more unontrollable sys-
tematis are thus required, suh as supernovae surveys
[3℄ (but see [4℄) or onstraints derived from the large-
sale struture properties. Among the latter, weak lens-
ing surveys are probably the safer [5℄, but still have not
yet proved to be aurate enough with the present day
observations.
Seondary CMB anisotropies (i.e. indued by a subse-
quent interation of the photons with the mass or matter
utuations) oer opportunities for raising this degener-
ay. Lens eets [6℄ are partiularly attrative sine they
are expeted to be one of the most important.They also
are entirely driven by the properties of the dark matter
utuations, the physis of whih involve only gravita-
tional dynamis, and are therefore totally ontrolled by
the osmologial parameters and not by details on galaxy
or star formation rates. More importantly an unambigu-
ous detetion of the lens eets on CMBmaps would be a
preious onrmation of the gravitational instability pi-
ture. Methods to detet the lens eets on CMB maps
have been proposed reently. High order orrelation fun-
tions [7℄, peak elliptiities [8℄ or large sale lens indued
orrelators [9℄ have been proposed for deteting suh ef-
fets. All of them are however very sensitive to osmi
variane sine lens eet is only a sub-dominant alter-
ation of the CMB temperature patterns. The situation
is dierent when one onsiders the polarization proper-
ties. The reason is that in standard osmologial models
temperature utuations at small sale are dominated by
salar perturbations. Therefore the pseudo-salar part,
the so alled B omponent, of the polarization is negligi-
ble ompared to its salar part (the E omponent) and
an only be signiant when CMB lens ouplings are
present. This mehanism has been reognized in earlier
papers [10,11℄. The aim of this paper is to study sys-
tematially the properties of the lens indued B eld and
unover its properties.
In setion II, we perturbatively ompute the lens eet
on the CMB polarization E and B eld. This rst order
equation is illustrated by numerial experiments. Possi-
bility of diret reonstrution of the projeted mass dis-
tribution is also examined. As it has already been noted
a signiant fration of the potential wells that deet
the CMB photons an atually be mapped in loal weak
lensing surveys [12,13℄. This feature has been onsidered
so far in relation to the CMB temperature utuations.
We extend in Setion III these studies to the CMB po-
larization exploiting the speiities of the eld found in
previous setion. In partiular we propose two quanti-
ties that an be built from weak lensing and Cosmi
Mirowave Bakground polarization surveys, the average
value of whih does not vanish in presene of CMB lens
eets. Compared to diret analysis of the CMB polar-
ization, suh tools have the joint advantage of being less
sensitive to systematis systemati errors oming from
CMB mapping on one side and weak lensing measure-
1
ment on the other side have no reason to orrelate! and
so emerge even in presene of noisy data, and of being an
eient probe of the osmologial onstant. Indeed the
expeted amplitude of orrelation is diretly sensitive to
the relative length of the optial benh, from the galaxy
soure plane to the CMB plane, whih is mainly sensitive
to the osmologial onstant. Filtering eets and osmi
variane estimation of suh quantities are onsidered in
this setion as well.
II. LENS EFFECTS ON CMB POLARIZATION
A. First order eet
Photons emerging from the last sattering surfae are
deeted by the large sale strutures of the Universe
that are present on the line-of-sights. Therefore photons
observed from apparent diretion ~α must have left the
last sattering surfae from a slightly dierent diretion,
~α+ ~ξ(~α), where ~ξ is the lens indued apparent displae-
ment at that distane. The displaement eld is related
to the angular gradient of the projeted gravitational po-
tential. In the following, the lens eet will be desribed
by the deformation eets it indues, enoded in the am-
pliation matrix,
A−1 =
(
1− κ− γ1 −γ2
−γ2 1− κ+ γ1
)
= δji + ξ
j
,i (1)
so that
κ = −1
2
(ξx,x + ξ
y
,y)
γ1 = −1
2
(ξx,x − ξy,y)
γ2 = −ξy,x = −ξx,y. (2)
The lens eet aets the loal polarization just by mov-
ing the apparent diretion of the line of sight [15℄. Thus,
if we use the Stokes parameters Q and U to desribe the
loal polarization vetor,
~P =
(
Q
U
)
we an relate the observed polarization
~ˆP to the primor-
dial one by the relation
Qˆ(~α) = Q(~α+ ~ξ), Uˆ(~α) = U(~α+ ~ξ). (3)
From now on we will denote xˆ an observed quantity and
x the primordial one. −→α ′ = ~α + ~ξ is the sky oordi-
nate system for the observer, therefore the ampliation
matrix A is also the Jaobian of the transformation be-
tween the soure plane and the image plane. We will
restrain here our omputation to the weak lensing eet
so observed quantity will not take into aount any other
seondary eet. It is very important at this point to
note that the lensing eet does not produe any polar-
ization nor rotate the Stokes parameter. In this regime
its eet redues to a simple deformation of the polar-
ization patterns, similar to the temperature maps. This
is the mehanism by whih the geometrial properties of
the polarization eld are hanged.
To see that we have to onsider the eletri (E) and
magneti (B) omponents instead of the Stokes param-
eters. At small angular sales (we assume that a small
fration of the sky an be desribed by a plane), these
two quantities are dened as,
E ≡ ∆−1 [(∂2x − ∂2y) Q+ 2∂x∂y U] (4)
B ≡ ∆−1 [(∂2x − ∂2y) U − 2∂x∂y Q] .
This elds reet non-loal geometrial properties of the
polarization eld. The eletri omponent aounts for
the salar part of the polarization and the magneti one,
the pseudo-salar part: by parity hange E is onserved,
whereas B sign is hanged. As it has been pointed out in
previous papers [10,11,14℄, lens eets partly redistribute
polarization power in these two elds.
We expliit this latter eet in the weak lensing regime
where distortions, κ and γi omponents are small. This
is indeed expeted to be the ase when lens eets by
the large-sale strutures are onsidered, for whih the
typial value of the onvergene eld κ is expeted to
be ∼ 1% at 1 degree sale. The leading order eet is
obtained by simply pluging (3) in (4) and by expanding
the result at leading order in ξ , κ, and γ . Noting that
(these alulations are very similar to those done in [13℄),
∂iXˆ = ∂̂kX ·
(
δki + ξ
k
,i
)
(5)
∂i∂jXˆ = ̂∂k∂lX · (δki + ξk,i)(δlj + ξl,j)
+∂̂kX · ξk,ij
we an write a perturbation desription of the lensing
eet on eletri and magneti omponents of the polar-
ization. At leading order one obtains:
∆Eˆ = ∆E + ξi∂i∆E − 2κ∆E
−2δij
(
γi∆P j + γi,kP
j,k
)
+O(γ2)
∆Bˆ = ∆B + ξi∂i∆B − 2κ∆B (6)
−2ǫij
(
γi∆P j + γi,kP
j,k
)
+O(γ2),
Where we used the fat that ∆̂X = ∆X + ξi∂i∆X at
the leading order. The formulas for E and B are alike.
The only dierene stands in the δij and ǫij (the lat-
ter is the totally antisymmetri tensor, ǫ11 = ǫ22 = 0,
ǫ12 = −ǫ21 = 1) that reets the geometrial properties
of the two elds. The rst three terms of eah of these
equations represent the naive eet: the lens indued de-
formation of the E or B elds. This eet is omple-
mented by an enhanement eet (respetively κ∆E and
2
κ∆B) and by shear-polarization mixing terms.The latter
eets onsist in two parts. One whih we will all the ∆-
term that ouples the shear with seond derivative of the
polarization eld. The other one, hereafter the ∇-term,
mixes gradient of the shear and polarization. Although
terms like ∇ have been negleted in similar omputations
[13℄ we annot do that here a priori. We will indeed show
later that these two terms have similar amplitudes.
One onsequene of standard inationary models on
CMB anisotropies is the unbalaned distribution of power
between the eletri (E) and magneti (B) omponent
of its polarization. Adiabati salar utuations do not
indue B-type polarization and they dominate at small
sales over the tensor perturbations (namely the gravity
waves). So, even though gravity waves indue E and B
type polarization in a similar amount, primary CMB
sky is expeted to be ompletely dominated by E type
polarization at small sales. Then for this lass of models
the atual magneti omponent of the polarization eld
is generated by the orretive part of eq. (6),
∆Bˆ = −2ǫij
(
γi∆Pˆ j + γi,kPˆ
j,k
)
(7)
This result extends the diret lens eets desribed in
Benabed & Bernardeau [11℄ who foused their analysis
on the lens eet due to the disontinuity of the polar-
ization eld in ase of osmi strings. Previous studies of
the weak lensing eet on CMB showed that with lens-
ing, the B omponent beomes important at small sales
[18℄. We obtain here the same result but with a dierent
method; eq. (7) means that the polarization signal P is
redistributed by the lensing eet in a way that breaks
the geometrial properties of the primordial eld. Note
here that it is mathematially possible to build a shear
eld that preserves these geometrial properties and that
does not reate any B signal at small sales. We will dis-
uss this problem in Se. II C. It also means that B
diretly reets the properties of the shear map. We will
take advantage of this feature to probe the orrelation
properties of B with the projeted mass distribution in
next setions.
B. Lens-indued B maps
We show examples of lens indued B maps. These
maps have been alulated using CMBSlow ode de-
veloped by A. Riazuelo (see [19℄) to ompute primordial
polarization maps (we use realizations of standard CDM
model to illustrate lens eets). Then various shear maps
are applied. We present both true distortions, (obtained
by Delaunay triangulation used to shear the Q and U
elds), and the rst order alulations given by eq. (7).
Fig. 1 presents the shear eet indued by an isother-
mal sphere with nite ore radius (and the lens edges
have been suppressed by an exponential uto to min-
imize numerial noise). The agreement between true
FIG. 3. The Cℓ of a 100 square degree B map. The solid
line is the full rst order approximation formula. The dotted
line gives the ontribution of the ∇-term. The dash-dotted
one represents the ∆-term. The latter is dominant at small
ℓs, around ℓ = 1000, that is to say for strutures around 10′.
The ∇ ontribution gives birth to smaller strutures in the
1 ∼ 2 ar-minute range.
distortion (entral panel ) and rst order formula (right
panel) is good. However, a lose examination of the maps
reveals that some strutures in the true map are slightly
wider than their ounterparts in the rst order map. This
error is more severe in the enter, where the distortion
is bigger, whih is to be expeted sine the limits of the
validity region of rst order alulations are reahed.
Fig. 2 shows the B eld indued by a realisti dis-
tortion. We use seond order Lagrangian dynamis [21℄
to reate a 2.5 × 2.5 degree map that mimis a realisti
projeted mass density up to z = 1000 and used its grav-
itational distortion to ompute a typial weak lensing-
indued B map. Again we ompare the exat eet (i.e.
left panel where Delaunay triangulation is used) and the
rst order formula (middle panel). Right panel shows
the dierene between the two maps. It reveals the loa-
tions where the two signiantly disagree. In fat most
disagreements are due to slight mismath of the B path
positions, whih lead to dipole like eets in this map.
We also show here a omparison of the two parts of
the rst order formula eq. (7) in order to see whih of
the ∆ or ∇ terms dominates. It would be more om-
fortable if one of the two terms was dominant, however,
Fig. 3 shows that it is not the ase. Even if the ∆-
term dominates at low (< 1000) ℓ, it is only twie bigger
than ∇-one at this sale. The inverse is true for higher
(3000 ∼ 5000) ℓs. This an be seen by looking at Fig. 4
where we show the relative amplitudes of the ∆ and ∇
ontributions. The ∆ part gives birth to large pathes
(around 10′) while ∇ panel shows a lot more of small
features.
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FIG. 1. Lens eet indued by a large isothermal sphere with nite ore radius. The κ map of the lens is shown on left panel.
The primordial E sky is presented in the middle left panel. It has been generated for a Ω0 = 0.3, Λ = 0.7 model, without tensor
modes. The middle right panel displays the true reonstruted ∆Bˆ eld in a 4.5 × 4.5 degree map and the right panel shows
the rst order approximation. Note that the rosette-like shape the eye seams to ath in B elds is a numerial oinidene
and has no speial signiane.
FIG. 2. The eet of a realisti weak lensing eld on B. 2.2 × 2.2 degree survey with 1.8′ resolution.The left panel shows
exat distortion obtained by Delaunay triangulation. The middle one, the rst order formula result, and the right gives the
dierene between the two. The three panels share the same olor table. The mean amplitude in the dierene map is about
3 times smaller.
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C. Diret reonstrution  Kernel problem
The fat that the observable B is at leading order pro-
portional to the weak lensing signal invites us to try a
diret reonstrution, similar to the lensing mass reon-
strution. In fat, we an write
∆Bˆ = −2ǫij
(
γi∆Pˆ j + γi,kPˆ
j,k
)
≡ F[γ] (8)
and our reonstrution problem beomes an inversion
problem for the operator F. Unfortunately, one an prove
that this problem has no unique solution. It is due to the
fat that F admits a huge kernel, in the sense that, given
a polarization map, there is a wide lass of shear elds
that will onserve a null B polarization. The demonstra-
tion of this property is skethed in the following.
Sine the unlensed polarization is only eletri in our
approximation, we an desribe it by the Laplaian of a
salar eld ;
E ≡ ∆ϕ so
{
Q =
(
∂2x − ∂2y
)
ϕ
U = 2 ∂x∂y ϕ
. (9)
The same holds for the shear and onvergene elds
κ ≡ ∆ψ
2
, γ1 =
1
2
(
∂2x − ∂2y
)
ψ , γ2 = ∂x∂y ψ. (10)
Thus we need to know, for a given ϕ eld, whether there
is any ψ that fullls the equation
γ2∆Q− γ1∆U + ∂iγ2 ∂iQ− ∂iγ1 ∂iU = 0. (11)
ϕ and ψ an be written as polynomial deompositions
ϕ(x, y) =
∑
n,l
anl x
nyl
ψ(x, y) =
∑
m,k
bmk x
myk. (12)
Using (12) in (11) we are left with a new polynomial
whose oeients cij are sums of anl × bmk and have
to be all put to zero. With the oeient equations in
hand, it is easy to prove that assuming all the bmk o-
eient up to m + k = N are known and writing the
equations ∀ i+ j = (N +1)− 3, cij = 0, we an ompute
out of all the anl all but three bmk with m+ k = N + 1.
This is somewhat similar to mass reonstrution prob-
lems from galaxy surveys where one annot avoid the
mass sheet degeneray. The situation is however worse
in our ase sine not only onstant onvergene but also
translations and a whole lass of ank realization depen-
dent omplex deformations are indisernible. Thus, with
the only knowledge of the B omponent of the polariza-
tion one annot, with the rst order eq. (7), reover the
projeted mass distribution.
r oeient z
gal
= 1 z
gal
= 2
EdS, Linear 0.42 0.60
Ω = 0.3, Λ = 0.7, Linear 0.31 0.50
Ω = 0.3, Λ = 0.7, Non Linear 0.40 0.59
TABLE I. values of r, the ross-orrelation between two
soure planes (z
gal
and z
mb
= 1100) for dierent models. The
adopted lter sale (see Set. IIIC for details) is 2 armin for
both weak lensing survey and Cosmi Mirowave Bakground
observations.Non-linear P (k) has been omputed using Pea-
ok and Doddsmethod [17℄.
III. CROSS-CORRELATING CMB MAPS AND
WEAK LENSING SURVEYS
A. Motivations
Even with the most preise experiments it is lear that
lean detetions of B omponent will be diult to ob-
tain. The magneti polarization amplitude indued with
suh a mehanism is expeted to be one order of magni-
tude below the eletri one [18℄. Besides even if we know
that there is a window in angular sale where the other
seondary eets will not interfere too muh with the de-
tetion of the lens-indued B [23℄, few is known about
removing the foregrounds [22℄ to obtain lean maps re-
onstrution algorithms would require.
These onsiderations lead us to look for omplemen-
tary data sets to ompare B with. Although the soure
plane for weak lensing surveys [5℄ is muh loser than
for the lensed CMB utuations, we expet to have a
signiant overlapping region in the two redshift lens
distributions, so that weak lensing surveys an map a
fair fration of the line-of-sight CMB lenses. Conse-
quently, weak lensing surveys an potentially provide us
with shear maps orrelated with B, but whih have dif-
ferent geometrial degeneray, noise soures and system-
atis than the polarization eld.
The orrelation strength between the lensing eets at
two dierent redshifts an be evaluated. We dene r as
the ross-orrelation oeient between two lens planes:
r(z
gal
) =
〈κκ
gal
〉√
〈κ2〉 〈κ2
gal
〉 . (13)
In a broad range of realisti ases (see tab. I), r ∼ 40%.
To take advantage of this large overlapping we will on-
sider quantity that ross orrelates the CMB B eld and
galaxy surveys. Moreover, ross-orrelation observations
are expeted to be insensitive to noises in weak lensing
surveys and in CMB polarization maps. This idea has
already been explored for temperature maps [13℄. We
extend this study here taking advantage of the spei
geometrial dependenes unovered in the previous se-
tion.
5
B. Denition of b∆ and b∇.
The magneti omponent of the polarization in eq.
(7) appears to be built from a pure CMB part, whih
omes from the primordial polarization, and a gravita-
tional lensing part. It is natural to dene b, in suh a way
that mimis the ∆Bˆ fontion dependane, by replaing
the CMB shear eld by the galaxy one.
b = ǫij
(
γi
gal
∆Pˆ j + γi
gal,kPˆ
j,k
)
(14)
= ǫij
(
γi
gal
∆P j + γi
gal,kP
j,k
)
+O(κ2).
In the following, we will label loal lensing quantities,
suh as what one an obtain from lensing reonstrution
on galaxy surveys, with a gal index. This new quantity
an be viewed as a guess for the CMB polarization B
omponent if lensing was turned on only in a redshift
range mathing the depth of galaxy surveys. The or-
relation oeient of this guess with the true ∆B eld,
that is
〈
∆Bˆ b
〉
, is expeted to be quadrati both in P
and in γ and to be proportional to the ross-oeient
r.
For onveniene, and in order to keep the objets we
manipulate as simple as possible, we will not exatly im-
plement this sheme, as it will lead to uneven angular
derivative degrees in the two terms of resulting equa-
tions. We an, instead, deompose the eet in the ∆
and ∇-part. These two are not orrelated, sine their
omponents do not share the same degrees of angular
derivation
∗
. Hene, we an play the proposed game, on-
sidering the two terms of eq. (7) as if they were two
dierent elds, reating two guess-quantities that should
orrelate independently with the observed B eld. Fol-
lowing this idea we build b∆ as,
b∆ ≡ ǫijγi
gal
∆P̂ j (15)
= ǫijγ
i
gal
∆P j +O(κ2)
whih orresponds to the ∆-term in eq. (7). The am-
plitude of the ross-orrelation between ∆B and b∆ an
easily be estimated. At leading order, we have〈
∆B̂ b∆
〉
= −2ǫijǫkl
〈
γkγi
gal
〉 〈
∆P l∆P j
〉
. (16)
The orresponding ∇ orrelation is〈
∆B̂ b∇
〉
= −2ǫijǫkl
〈
∂mγ
k∂nγ
i
gal
〉 〈
∂mP
l∂nP
j
〉
(17)
where we have dened
b∇ ≡ ǫij∂kγi
gal
∂kP̂
j . (18)
∗
generially, a random eld and its derivative at the same
point are not orrelated.
Fig. 4 shows numerial simulations presenting maps
of rst order ∆B̂, its ∆ and ∇ ontributions and the
orresponding guess maps one an build with a low z
shear map. The similarities between the top maps and
the bottom maps are not striking. Yet, under lose ex-
amination one an reognize individual patterns shared
between the maps. This is onrmed by the omputa-
tion of the orrelation oeient between the maps, that
shows signiant overlapping, between 50% and 15%, de-
pending orrelation and ltering strategy. The alula-
tions hereafter will evaluate the theoretial orrelation
struture between maps given in gs. 4-b and 4-g & h.
For galaxy surveys, the ampliation matrix is [16℄,
A−1
gal
(~α)− Id = −
∫ z
gal
0
dχw
gal
(χ) (19)
×
∫
d3k
(2π)
3
2
δ(~k)ei(krχ+
~k⊥D(χ)~α)
×
(
1 + cos(2φk⊥) sin(2φk⊥)
sin(2φk⊥) 1− cos(2φk⊥)
)
where δ(k) is the Fourier transform of the density on-
trast at redshift z(χ), w is the lens eieny funtion, D
is the angular distane, and φk⊥ is the position angle of
the transverse wave-vetor k⊥in the k⊥ = (kx, ky) plane.
Assuming a Dira soure distribution the eieny fun-
tion is given by
w
gal
(z) =
3
2
Ωo
DzDz→z
gal
aDz
gal
. (20)
Note that the Fourier omponents δ(k) inlude the den-
sity time evolution. They are thus proportional to the
growth fator in the linear theory. The time evolution
of these omponents is muh more ompliated in the
nonlinear regime (see [17℄).
Then, b♮ is
b♮(~α) =
∫ χ
gal
D(χ,~l,~k) E˜(l) δ(k)GKer♮
(
~l,~k⊥
)
(21)
with the integration element dened as,
D(χ,~l,~k) = dχw
gal
(χ)
d3k
(2π)3/2
d2l
2π
ei[krχ+(
~k⊥D(χ)+~l)·~α],
(it atually depends on the position of the soure plane
through the eieny funtion w(z)) and where ♮ stands
for either ∆ or ∇. The geometrial kernel GKer is given
by (using eq. (9))
GKer∆
(
~l,~k
)
≡ l2 sin 2 (φk − φl) (22)
GKer∇
(
~l,~k
)
≡ lk cos (φk − φl) sin 2 (φk − φl) . (23)
This funtion ontains all the geometrial strutures of
the ∆ and ∇ terms. We an write the same kind of
equation for ∆Bˆ. Then, the ross-orrelation is
6
(a) (b) () (d)
(e) (f) (g) (h)
FIG. 4. The eet of the two terms of the perturbation formula. Top row, the lens eet is the sum of the lenses up to
reombination. Bottom row, we use the same line -of-sight mass utuations but only up to redshift unity, it represent our
'loal' lensing survey. The onvergene elds (left panels) have been omputed by sliing the z-axis and summing up the lensing
eet in eah slie. Lens-lens oupling (inluding departure from Born approximation) terms have been negleted, whih is
onsistent with our rst order approximation. The onvergene in eah slie has been reated by using seond order Lagrangian
dynamis. The middle-left panels show the leading order ontribution, the middle right the ∆ ontribution and the right the
∇ one. In this example, the orrelation oeient between the two onvergene maps, r is equal to 0.48 at 1.8′. The ross
orrelation oeient between the guess map (f) and the real one (b) is 0.47. It is 0.37 between the real (b) and ∆ (g) maps
and goes down to 0.16 for the real (b) and ∇ (h).
7
〈
∆Bˆ b♮(~α)
〉
= −2
∫ χ
gal
D(χ
gal
,~l
gal
, ~k
gal
) (24)
×
∫ χ
mb
D(χ
mb
,~l
mb
, ~k
mb
) GKer♮ (~lgal, ~kgal)
×GKer♮ (~lmb, ~kmb)
〈
δ(~k
gal
)δ(~k
mb
)
〉〈
E˜(~l
gal
)E˜(~l
mb
)
〉
.
The ompletion of this alulation requires the use of the
small angle approximation,〈
δ(~k
gal
)δ(~k
mb
)
〉
= P (k)δ3(k
gal
+ k
mb
) (25)
∼ P (k⊥) δ2(kgal⊥ + kmb⊥) δ(kgalr + kmbr)
whih implies
~k
gal
= −~k
mb
= ~k (26)
and after the radial omponents have been integrated
out,
χ
gal
= χ
mb
= χ. (27)
We also dene the CE(l) as the angular power spetrum
of the E eld,〈
E˜(~l
gal
)E˜(~l
mb
)
〉
= CE(l)δ
2(l
gal
− l
mb
) (28)
Eventually one gets,〈
∆Bˆ b♮(~α)
〉
= −2
∫ z
gal
dχ w
gal
w
mb
∫
d2kd2l
(2π)4
(29)
× CE(l)P (k)GKer♮
(
~l,~k
)2
Then, integrating on the geometrial dependenies in
GKer♮ , we have〈
∆Bˆ b∆(~α)
〉
= −2
∫ z
gal
dχw
gal
w
mb
×
∫
dkdl
2(2π)2
kl5CE(l)P (k)
= − 〈∆E2〉 〈κκ
gal
〉 , (30)
and〈
∆Bˆ b∇(~α)
〉
= −
∫ z
gal
dχw
gal
w
mb
×
∫
dkdl
2(2π)2
k3l3CE(l)P (k)
= −1
2
〈
(~∇E)2
〉〈
~∇κ · ~∇κ
gal
〉
, (31)
implying that, ignoring ltering eets, we are able to
measure diretly the orrelation between lensing eet at
z
mb
and any z
gal
a weak lensing survey an aess. Sine
∆Eˆ = ∆E · (1 +O(κ)) we get, for the ∆ type quantity,
〈
∆Eˆ2
〉
=
〈
∆E2 · (1 +O(κ))2
〉
(32)
=
〈
∆E2
〉 · (1 +O (〈κ2〉)) .
The same holds for ∇. We are then able to onstrut two
quantities insensitive to the normalization of CMB and
σ8
X∆ ≡
〈
∆Bˆ b∆(~α)
〉
〈
∆Eˆ2
〉〈
κ2
gal
〉 = −〈κκgal〉〈
κ2
gal
〉
(33)
∼ −r
√
〈κ2〉〈
κ2
gal
〉 .
and
X∇ =
〈
∆Bˆ b∇(~α)
〉
〈
(~∇Eˆ)2
〉〈
(~∇κ
gal
)2
〉 = −1
2
〈
~∇κ · ~∇κ
gal
〉
〈
~∇κ2
gal
〉
(34)
∼ −1
2
r∇
√
〈∇κ2〉〈∇κ2
gal
〉 .
We impliitly dened r∇ like r but with ∇κ instead of κ
r∇(zgal) =
〈
~∇κ · ~∇κ
gal
〉
√
〈(∇κ)2〉 〈(∇κ
gal
)2〉 . (35)
We will see in Set. III D that they behave very muh
alike. This result is to be ompared with the formula for
〈cos(θg)〉 established in [13℄ where the obtained quantity
was going like r
√
〈κ2〉. These alulations however have
negleted the ltering eets that may signiantly aet
our onlusions. These eets are investigated in next
setion.
C. Filtering eets
In above setion we ondut our alulations assuming
no ltering. Obviously we have to take it into aount!
We will show here that the results obtained before hold,
in ertain limits, when one adds ltering eets.
In the following, we onsider, for simpliity, top-hat
lters only. It is expeted that other window funtions
will show very similar behaviors and this simpliation
does not restrain the generality of our results. Let us all
W (x) the top-hat lter funtion in Fourier spae
W (x) ≡ 2J1(x)
x
. (36)
J1 is the rst J-Bessel funtion. We will also deneWi(x)
a general funtion
Wi(x) ≡ 2Ji(x)
x
(37)
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where Ji is the i
th J-Bessel funtion, so that W = W1.
Then, if X(~α) is the value of any quantity X at position
~α on the sky, its top-hat ltered value an be omputed
as
X(θ)(~α) =
∫
d2k
2π
X˜kW (kθ) e
i~k·~α, (38)
where X˜ is X Fourier transform. In the following we will
note X(θ) the ltered quantity at sale θ.
The triky thing for
〈
∆Bˆb♮
〉
is that the CMB part and
the low-redshift weak lensing part are a priori ltered at
dierent sale. For ∆Bˆ, whih is a measured value, its
pure CMB part and its weak lensing part are ltered at
the same sale θ. Hene, Bˆ reads,
∆Bˆ(~α)(θ) = −2
∫ χ
mb
D(χ,~l,~k) E˜(l) δ(k)
×
[
GKer∆
(
~l,~k⊥
)
+ GKer∆
(
~l,~k⊥
)]
W
(
|~k⊥D+~l|θ
)
(39)
A ontrario b♮ is a omposite value. The CMB part is
still ltered at θ whereas the weak lensing part (whih
omes from a weak lensing survey of galaxies) is ltered
independently at another sale whih we denote θ
gal
. It
implies that,
b♮(~α)(θ) = −2
∫ χ
gal
D(χ,~l,~k) E˜(l) δ(k)
×GKer♮
(
~l,~k⊥
)
W (kDθ
gal
)W (lθ). (40)
Taking ltering into aount, the ross-orrelation o-
eient beomes,〈
∆Bˆ(θ) b♮(θ,θ
gal
)
〉
= −2
∫ z
gal
dχw
gal
w
mb
(41)
×
∫
d2kd2l
(2π)4
CE(l)P (k)GKer♮ (~l,~k)
×W (kD θ
gal
)W (lθ)W (|~kD+~l|θ).
It an be shown (from the summation theorems of the
Bessel funtions) that,
W1(|~kD+~l|θ) = (42)
−
∑
i=1
iWi(kDθ)Wi(lθ)(−1)i sin i(φk − φl)
sin(φk − φl)
It is then possible to break theW
(
|~kD+~l|θ
)
into a sum
of Wi(kDθ)Wi(lθ) with oeients that depend on the
geometrial properties of our problem. Integrating over
the geometrial dependenies of GKer♮ , leaves us with only
a few non vanishing terms in our sum,∫
dφ sin2(2φ)
sin(iφ)
sinφ
=
{
π i = 1 or i = 3
0 elsewhere
, (43)
for the ∆-term and
∫
dφ cosφ sin2(2φ)sin(iφ)sinφ =

π/2 i = 1
3π/4 i = 3
π/4 i = 5
0 elsewhere
,
(44)
for the ∇-term. Eah term an be omputed exatly,
and it turns out that the terms built from Wi, i > 1
are always negligible ompared to the ones oming from
W1. It implies that we an safely ignore the W3 and W5
in both ∆ and ∇ expressions, therefore it is reasonable
to assume that W
(
|~kD+~l|θ
)
= W (kDθ)W (lθ). It is
expeted that other windows, in partiular the Gaussian
window funtion, share similar properties. Then, taking
into aounts the ltering eets, the equations for the
ross-orrelations redue to〈
∆Bˆ(θ)b∆(θ,θ
gal
)
〉
= −
〈
∆E2(θ)
〉〈
κ(θ)κgal(θ
gal
)
〉
(45)
and〈
∆Bˆ(θ)b∇(θ,θ
gal
)
〉
= −1
2
〈
∇E2(θ)
〉〈∇κ(θ)∇κgal(θ
gal
)
〉
,
(46)
so that our orrelation oeients an be written,
X∆(θ,θ
gal
) = −r(θ,θ
gal
)
√√√√√
〈
κ2(θ)
〉
〈
κ2
gal(θ
gal
)
〉
(47)
and
X∇(θ,θ
gal
) = −
1
2
r∇(θ,θ
gal
)
√√√√√
〈
∇κ2(θ)
〉
〈
∇κ2
gal(θ
gal
)
〉 . (48)
The results obtained in eqs. (33-34) are thus still formally
valid. Atually, eqs. (47-48) simply tell that ltering
eets an simply be assumed to at independently on
the lensing eets and on the primary Cosmi Mirowave
Bakground maps. We are left with two quantities that
only reets the line-of-sight overlapping eets of lensing
distortions.
D. Sensitivity to the osmi parameters
We quikly explore here the behavior of X♮ in dier-
ent sets of osmologial parameters. These quantities
only depend on weak lensing quantities. Ignoring the
Ω0 dependene in the angular distanes and growing fa-
tor, one would expet
〈
κ2
〉
to sale like Ω20. Yet, be-
ause of the growth fator, the onvergene eld exhibits
a weaker sensitivity to Ω0. Assuming Λ = 0 and a power
law spetrum, we know from [16℄ that
〈
κ2
gal
〉 ∝ Ω1.660
for z
gal
= 1. The same alulation leads to 〈κ
mb
κ
gal
〉 ∝
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FIG. 5.
〈
κ(θ)κgal(θ
gal
)
〉
/
〈
κ2
gal(θ
gal
)
〉
for a CDM model on-
sistent with the values of (Ω0,Λ). θ = θgal = 2
′
.
FIG. 6.
〈
~∇κ(θ) · ~∇κgal(θ
gal
)
〉
/
〈
(~∇κ
gal(θ
gal
))
2
〉
for a CDM
model. θ = θ
gal
= 2′.
Ω1.680 ,
〈
(∇κ
gal
)2
〉 ∝ Ω1.910 and 〈~∇κmb · ~∇κgal〉 ∝ Ω1.9150 .
Then, in this limit, the quantities X♮ have a very low
dependene on Ω0 :
X∆ ∝ Ω0.020 and X∇ ∝ Ω0.0050 .
Eventually, the X♮ quantities should exhibit a seizable
sensitivity to Λ; hanging Λ inreases or redues the size
of the opti benh and aordingly the overlapping be-
tween κ
mb
and κ
gal
.
Figs. 5 and 6 present ontour plots of the amplitude of
X∆ and X∇ in the (Ω0,Λ) plane for CDM models. They
show the predited low Ω0 sensitivity and the expeted
Λ dependeny. Both gures are very alike. This is due to
the fat that the dominant features are ontained in the
eieny funtion dependenes on the angular distanes.
E. Cosmi variane
In previous setions we looked at the sensitivity of ob-
servable quantities whih mixed galaxy weak lensing sur-
veys and CMB polarization detetion. It is very unlikely
that both surveys will be able to over, with a good reso-
lution and low foreground ontamination, a large fration
of the sky. It seems however reasonable to expet to have
at our disposal pathes of at least a few hundreds square
degrees. The issue we address in this setion is to es-
timate the osmi variane of suh a detetion in joint
surveys in about 100 square degrees.
The omputation of osmi variane is a lassial prob-
lem in osmologial observation [20℄. A natural estimate
for an ensemble average 〈X〉 is its geometrial average.
If the survey has size Σ then,
X =
1
Σ
∫
Σ
d2αX(~α) (49)
For a ompat survey with irular shape of radius Ξ we
formally have,
X =
∫
d2k
2π
X˜(~k)W (k Ξ). (50)
For sake of simpliity this is what we use in the follow-
ing but we will see that the shape of the survey has no
signiant onsequenes.
Taking X as an estimate of 〈X〉 (the ensem-
ble average of X), leads to an error of the order√〈
X
2
〉
− 〈X〉2whih usually sales like 1/√Σ if the sur-
vey is large enough.
When we are measuring X♮ on a small path of the
sky, we are apart from the statistial value by the same
kind of error. We an neglet the errors on
〈
∆Eˆ2
〉
,〈
(∇Eˆ)2
〉
,
〈
(∇κ
gal
)2
〉
and
〈
κ2
gal
〉
; those may not be the
dominant soure of disrepany and an even be mea-
sured on wider and independent samples. The biggest
soure of error is the measure of
〈
∆Bˆb♮
〉
. It is given by,
C♮ =
√〈(
∆Bˆb♮ −∆Bˆ b♮
)2〉
−
〈
∆Bˆb♮ −∆Bˆ b♮
〉2
.
(51)
The omputation of (51) is made easier if we write ex-
pliitly the geometrial average as a summation over N
measurement points (N an be as large as we want),
X =
1
N
N∑
i=1
X(θi), (52)
we then developed (51), and replae the ensemble av-
erage of the summation sign by the geometrial average
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over the survey size. We are left with a sum of orrelators
ontaining 8 elds taken at 2, 3 and 4 dierent points.
The alulations an be arried out analytially if we as-
sume that all our elds follow Gaussian statistis, whih
is reasonable at the sale we are working on. In that ase
indeed, we an take advantage of the Wik theorem to
ontrat eah of the 8 elds orrelators in produts of 2
points orrelation funtions. By denition, (51) ontains
only onneted orrelators, moreover the ensemble aver-
ages 〈∆Bˆ〉 and 〈b♮〉 vanish, therefore only a small fration
of orrelators among all the possible ombination of the
8 elds survive. We an use a simple diagrammati rep-
resentations to desribe their geometrial shape. All the
non vanishing terms in C♮ are given in Fig. 7. Eah
line between two vertex represents a 2 points orrelation
funtion suh as 〈X(~α1)X(~α2)〉, and the dierent sym-
bols at the vertex orrespond to dierent X elds (the
ross stands for ∆P , the dot for γ
mb
, and the open dot
stands for γ
gal
). The A-terms represent terms where the
two top (and the two bottom) ∆B and b♮ are taken at
the same point, but top and bottom elds are not at the
same plae. The B-terms are three points diagrams: the
top ∆B and b♮ are at the same point whereas the right
and left bottom vertexes are at two dierent loations.
The C terms are four-points diagrams, where eah vertex
is at a dierent point. To illustrate our notations, let us
write B♮2c as an example,
B♮2c = 〈γmb(~α1)γgal(~α2)〉〈γgal(~α3)γmb(~α1)〉×
〈∆P (~α1)∆P (~α1)〉〈∆P (~α2)∆P (~α3)〉
We only fous on the alulation of the A terms be-
ause we an use the approximation that
A ≫ B ≫ C. (53)
Indeed, in perturbative theory, if the survey is large
enough, the n-points orrelation funtions naturally dom-
inates over the n+ 1-points orrelation funtion. This is
true as long as the loal variane is muh bigger than
the autoorrelation at survey sale and we assume the
surveys are still large enough to be in this ase.
The general expression for any A diagram is
A♮i = 4
∫
mb
D(χ
mb1,~lmb1, ~kmb1)D(χmb2,~lmb2, ~kmb2) (54)
×
∫
gal
D(χ
gal1,~lgal1, ~kgal1)D(χgal2,~lgal2, ~kgal2)
×GKer♮ (~lmb1, ~kmb1⊥)GKer♮ (~lmb2, ~kmb2⊥)
×GKer♮ (~lgal1, ~kgal1⊥)GKer♮ (~lgal2, ~kgal2⊥)Mi
〈
~ki | ~lj
〉
×W (|~k
mb1⊥D+
~l
mb1|θ) W (|~kmb2⊥D+~lmb2|θ)
×W (k
gal1⊥D1θgal)W (lgal1θ) W (kgal2⊥D2θgal)W (lgal2θ)
×W
(
|~k
gal1⊥D1 +
~l
gal1 + ~kmb1⊥D1 +
~l
mb1|Ξ
)
×W
(
|~k
gal2⊥D2 +
~l
gal2 + ~kmb2⊥D2 +
~l
mb2|Ξ
)
C♮ = 2×
︸ ︷︷ ︸
A
♮
1
+
︸ ︷︷ ︸
A
♮
2n
+
︸ ︷︷ ︸
A
♮
2c
+2×
︸ ︷︷ ︸
A
♮
3n
+2×
︸ ︷︷ ︸
A♮3c
−2×
︸ ︷︷ ︸
B
♮
1
+
︸ ︷︷ ︸
B
♮
2n
+
︸ ︷︷ ︸
B
♮
2c
+2×
	︸ ︷︷ ︸
B
♮
3n
+2×

︸ ︷︷ ︸
B
♮
3c
+2×
︸ ︷︷ ︸
C
♮
n
+4×
︸ ︷︷ ︸
C
♮
c
FIG. 7. Diagrammati representation of the terms on-
tributing to the osmi variane of the orrelation oeients.
In this representation the vertex  represents∆Bˆ; the ross
stands for the ∆P part, the dot for γ
mb
. The other vertex
Æ represents any b♮; the open dot stands for γgal. The solid
lines onnet ∆P terms and the dashed ones the γ-s
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where Mi gives the 2-point orrelations assoiated with
the lines of the diagram. For example :
M1 =
〈
δ(~k
gal1)δ(~kmb1)
〉〈
δ(~k
gal2)δ(~kmb2)
〉
×
〈
E˜(l
gal1)E˜(lgal2)
〉〈
E˜(l
mb1)E˜(lmb2)
〉
(55)
We expliit in the following the omputation of A♮1.
The other terms follow the same treatment or an be ne-
gleted. The lines in the A♮1 diagram give us the relations
~k
mb1 = −~kgal1 = ~k1
~k
mb2 = −~kgal2 = ~k2 (56)
~l
mb1 = −~lmb2 = ~lmb
~l
gal1 = −~lgal2 = ~lgal
Then, using these relations and the small angular ap-
proximation, we have :
A♮1 = 4
∫
gal
dχ1dχ2 wmb1wgal1wmb2wgal2 (57)
×
∫
d2k1d
2k2
(2π)4
d2l
gal
d2l
mb
(2π)4
×CE(lgal)CE(lmb)P (k1)P (k2)
×GKer♮ (~lmb, ~k1)GKer♮ (−~lmb, ~k2)
×GKer♮ (~lgal,−~k1)GKer♮ (−~lgal,−~k2)
×W (|~k1D+~lmb|θ)W (|~k2D+~lmb|θ)
×W (k1Dθgal)W (k2Dθgal)W 2(lgalθ)
×W 2(|~l
gal
+~l
mb
|Ξ).
We apply the deomposition of W1
(
|~kD(χ) +~l|θ
)
we
used in eq. (42). The geometry of our problem is
the same and the result (43) still holds for the terms
in W1
(
|~k1D(χ1) +~lmb|θ
)
and W1
(
|~k2D(χ2) +~lmb|θ
)
.
This however is not true forW 21
(
|~l
gal
+~l
mb
|Ξ
)
for whih
the appliation of the re-summation theorem does not
bring any simpliation. Then, negleting all the W3
parts and after integration on the φki , for the ∆-term,
we have,
A∆1 =
∫
gal
dχ1dχ2 wmb1wgal1wmb2wgal2
×
∫
dk1dk2
(2π)2
d2l
gal
d2l
mb
(2π)4
l4
gal
l4
mb
k1k2
×CE(lgal)CE(lmb)P (k1)P (k2) (58)
×W 2(|~l
gal
+~l
mb
|Ξ) cos2 2 (φl
mb
− φl
gal
)
×W (k1Dθgal)W (k2Dθgal)W 2(lgalθ)
×W (k1Dθ)W (k2Dθ)W 2(lmbθ).
Note that for the evaluation of the∇ part, using the same
kind of method, we obtain the same equation as eq. (58)
where l4
gal
l4
mb
is replaed by l2
gal
l2
mb
k21k
2
2/2.
FIG. 8. Comparison between
√
2A∆1 /signal∆ (solid line)
and
√
2A∇1 /signal∇ (dashed line). The Cℓ are from a
Ω = 0.3, Λ = 0.7 model. The survey size is 100 deg2, and
Gaussian lters were used.
We an get rid of the remaining W 2
(
|~l
gal
+~l
mb
|Ξ
)
with another approximation. The power spetrum CE(l)
favors large values of l whereas W 2(|~l
gal
+~l
mb
|Ξ) will be
non-zero for |~l
gal
+ ~l
mb
| ∼ 1/Ξ. Then for typial survey
size of about one hundred square-degrees, |~l
gal
+~l
mb
| ≪ li
and we an assume
~l
gal
∼ −~l
mb
and
~l
gal
+~l
mb
= ~ǫ. In this
limit, cos2 2
(
φl
mb
− φl
gal
)
= 1 and A♮1 an be written
A∆1 =
∫
l dl
(2π)2
l8C2E(l)W
4(lθ)
∫
d2ǫ
2π
l8W 21 (ǫ Ξ) (59)
×
[∫
gal
dχw
mb
w
gal
∫
k dk
2π
P (k)W (kDθ)W (kDθ
gal
)
]2
whih is essentially the osmi variane of
〈
∆E2
〉
, for the
∆ part and of
〈
(∇E)2〉 for the ∇ one (where l8 in eq.
(59) is replaed by l4k21k
2
2/2). Finally we have,
A∆1〈
B(θ)b∆(θ,θ
gal
)
〉2 = 2πΣ
∫
dl l9C2E(l)W
4
1 (l θ)(∫
dl l5CE(l)W 21 (l θ)
)2 (60)
∝ Cosmi variane of ∆E2
where Σ = πΞ2 in ase of a dis shape survey. We show in
Fig. 8 numerial results for a 100 deg2 survey although
the numerial alulations were done with a Gaussian
window funtion instead of a top-hat.
Numerially, for θ = 10′, we get
A♮1〈
B(θ)b♮(θ,θ
gal
)
〉2 ∼ (3.7%)2Σ/100 deg2 . (61)
We expet that for the same reasons, the A♮2 terms will
be dominated by the weak lensing variane. Yet a orret
evaluation here is harder to reah. We have made this
estimation within the framework of a power law P (k).
With this simpliation in hand, we an write for A♮2n
12
CosVar
(〈
κ2
〉)
CosVar
(〈
(~∇κ)2
〉)
Ω0 = 0.3 Ω0 = 1 Ω0 = 0.3 Ω0 = 1
θ = 5′, θ
gal
= 2.5′ 2.94% 1.86% 2.88% 2.07%
θ = 5′, θ
gal
= 5′ 3.02% 1.87% 2.23% 1.75%
θ = 10′, θ
gal
= 5′ 3.54% 2.03% 4.25% 3.02%
TABLE II. Values of the osmi variane of
〈
κ2
〉
and〈
(~∇κ)2
〉
for dierent models and dierent ltering radius.
The size of the survey is 100 deg2. For the Ω0 = 0.3 (Ω0 = 1)
model, we use 5 (7) independent ray-traing realizations (see
[24℄) to estimate the osmi variane in a 9deg2 survey, whih
is then resaled to the osmi variane we should obtain for
a 100 deg2 survey. Given the low number of realizations, the
values here an only be used as a good estimation of the or-
der of magnitude of CosVar
(〈
κ2
〉)
and CosVar
(〈
(~∇κ)2
〉)
.
It also seems, from these gures that the osmi variane of〈
(~∇κ)2
〉
is more degraded by the dierene in ltering beams
than the other.
(we fous only the ∆ part, but the same disussion holds
for the ∇ observable.)
A∆2n〈
B(θ)b∆(θ,θ
gal
)
〉2 = (62)
1
r2
∫
d2k1d
2k2 P (k1)P (k2) cos
2 (φk1 − φk2)
×W
2
1 (k1θ)W
2
1 (k2θgal)W
2
1 (|~k1 + ~k2|Ξ)[∫
d2k P (k)W1(kθ)W1(kθgal)
]2 .
(63)
The last integral behaves essentially like the osmi
variane of
〈
κ2
〉
. More exatly, it goes like 1/
√
2 this
variane. It should even be smaller, beause of the ex-
tra cos2 fator. We evaluated this osmi variane using
the ray-traing simulations desribed in [24℄. These sim-
ulations provide us with realisti onvergene maps (for
the osmologial models we are interested in) with a res-
olution of 0.1', and a survey size of 9 square degrees.
The soures have been put at a redshift unity, and the
ray-lights are propagated through a simulated Universe
whose the density eld has been evolved from an initial
CDM power spetrum. The measured osmi variane of
〈κ(θ)κ(θ
gal
)〉 is about 3% (see Table II) when ltered at
sales θ
gal
= 5′ and θ = 10′ for a Ω0 = 0.3 osmology. An
estimation of A∆2n is then given by,
A∆2n〈
B(θ)b∆(θ,θ
gal
)
〉2 ∼ (2.12%r
)2
1
Σ/100 deg2
. (64)
Sine r∇ is very omparable to r, we very roughly esti-
mate A∇2n
A∇2n〈
B(θ)b∇(θ,θ
gal
)
〉2 ∼ (2.12%r
)2
1
Σ/100 deg2
. (65)
The same onsiderations gives
CosVar (X∆) CosVar (X∇)
Ω0 = 0.3 Ω0 = 1 Ω0 = 0.3 Ω0 = 1
θ = 5′, θ
gal
= 2.5′ 6.44% 4.77% 6.06% 4.72%
θ = 5′, θ
gal
= 5′ 6.58% 4.79% 4.99% 4.23%
θ = 10′, θ
gal
= 5′ 8.71% 6.73% 9.49% 7.62%
TABLE III. Values of the osmi variane of X♮. The sur-
vey size is 100 deg2. We used the results presented in TableII
and Fig. 8. The r♮ parameters are assumed to be equal and
set to 0.4. We didn't take into aount the ltering eets in
the denition of r. The dierene due to ltering orretion is
small, though. From this estimations, we an expet a osmi
variane for X♮of less than 10% for realisti senarii.
A♮2n〈
B(θ)b♮(θ,θ
gal
)
〉2 = (2.12%)2Σ/100 deg2 . (66)
There is no r dependeny here; the diagram ross-
orrelates κ
mb
and κ
gal
.
We an approximate the remaining A-terms. They
should be smaller than the former. We have
A♮3n ∼
1
r2♮
(2.12%× 3.7%)2
Σ/100 deg2
〈
B(θ)b♮(θ,θ
gal
)
〉2
≪ A♮2n
and
A♮3c ∼
(2.12%× 3.7%)2
Σ/100 deg2
〈
B(θ)b♮(θ,θ
gal
)
〉2
≪ A♮2c.
Then, only the A♮1 and A♮2 terms (boxed on Fig. 7) on-
tribute substantially to the osmi variane of X♮. Sine
A♮1 and A♮2 are respetively the osmi variane of
〈
∆E2
〉
(resp.
〈
(~∇E)2
〉
) and of
〈
κ2
〉
(resp.
〈
(~∇κ)2
〉
), we an
write the variane of X♮ as
CosVar(X∆) = (67)
CosVar
(〈
∆E2
〉)
+
(
1 + r2
2 r2
)
CosVar
(〈
κ2
〉)
.
and
CosVar(X∇) = (68)
CosVar
(〈
(~∇E)2
〉)
+
(
1 + r2
∇
2 r2
∇
)
CosVar
(〈
(~∇κ)2
〉)
.
Table III presents numerial results for various ltering
senarii and models.
The two quantities, b∆ and b∇, lead to similar osmi
variane that are rather small. Obviously it would be
even better to use b = b∆ + b∇. For suh a quantity the
resulting osmi variane for the ross-orrelation oe-
ient should even be smaller, by a fator
√
2, although
a detailed analysis is made ompliated beause of the
omplex orrelation patterns it ontains.
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IV. CONCLUSION
We have omputed a rst order mapping that de-
sribes, in real spae, the weak lensing eets on the
CMB polarization. In partiular we derived the expliit
mathematial relation between the primary CMB po-
larization and the shear eld at leading order in lens
eet. It demonstrates that a B-omponent of the po-
larization eld an be indued by lens ouplings. We
have shown however that the B-map alone annot lead
to a non-ambiguous reonstrution of the projeted mass
map.
Nonetheless, the B-omponent an potentially exhibit
a signiant orrelation signal with loal weak lensing
surveys. This opens a new window for deteting lens
eets on CMB maps. In partiular, and ontrary to
previous studies involving the temperature maps alone,
we found that suh a orrelation an be measured with a
rather high signal to noise ratio even in surveys of rather
modest size and resolution. Antiipating data sets that
should be available in the near future, (100 deg2 survey,
with 5′ resolution for galaxy survey and 10′ Gaussian
beam size for CMB polarization detetion), we have ob-
tained a osmi variane around 8%. Needless is to say
that this estimation does not take into aount system-
atis and possible foreground ontaminations. It shows
anyway that Cosmi Mirowave Bakground polariza-
tion ontains a preious window for studying the large
sale mass distribution and onsequently putting new
onstraints on the osmologial parameters.
In this paper we have investigated spei quantities
that would aessible to observations. They both would
permit to put onstraint on the osmologial onstant.
The simulated maps we presented here are only of il-
lustrative interest. We plan to omplement this study
with extensive numerial experiments to validate our re-
sults (in partiular on the osmi variane), and explore
the eet of realisti ingredients we did not inlude in
our simple analytial framework, a shear non-gaussianity,
lens-lens oupling and so forth.
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